We apply the local removable singularity theorem for minimal laminations [31] and the local picture theorem on the scale of topology [23] to obtain two descriptive results for certain possibly singular minimal laminations of R 3 . These two global structure theorems will be applied in [21] to obtain bounds on the index and the number of ends of complete, embedded minimal surfaces of fixed genus and finite topology in R 3 , and in [22] to prove that a complete, embedded minimal surface in R 3 with finite genus and a countable number of ends is proper.
1 Introduction.
The analysis of singularities of embedded minimal surfaces and more generally of minimal laminations in three-manifolds is a transcendental open problem in minimal surface theory. Theory developed by Colding and Minicozzi [4, 5, 6, 7, 8, 9] and subsequent applications by Meeks and Rosenberg [32, 33] and Meeks, Pérez and Ros [24, 25, 28] demonstrate the importance of the analysis of singularities of minimal laminations. Removable singularity theorems in [31] have been instrumental in obtaining classification results [29] for CMC foliations of R 3 and S 3 with a countable set of singularities, in studying dynamical properties of the space of properly embedded minimal surfaces in R 3 [30] , and in deriving local pictures on the extrinsic geometry of an embedded minimal surface around points of arbitrarily small injective radius [23] .
In this paper we will improve the understanding of singularities of minimal laminations in R 3 with two new results on the global structure of these objects. In the first result, Theorem 1.4, we describe the possible limits (after extracting a subsequence) of a sequence of embedded minimal surfaces with locally positive injectivity radius 1 in the complement of a countable closed set of R 3 . The second result, Theorem 4.1, describes the structure of a singular minimal lamination of R 3 whose singular set is countable. Both results depend on the local theory of embedded minimal surfaces and minimal laminations developed in [23, 30, 31] , and on the previously mentioned work of Colding and Minicozzi. For the definition and the general theory of minimal laminations, see for instance [20, 26, 27, 31, 32, 33] .
We next give a formal definition of a singular lamination and of the set of singularities associated to a leaf of a singular lamination. Given an open set A ⊂ R 3 and a subset B ⊂ A, we will denote by B
A the closure of B in A. In the case A = R 3 , we simply denote B set V ⊂ A containing p such that L ∩ V is closed in V − S. We let S L denote the set of singular leaf points of L. Finally, we define
to be the leaf of L A associated to the leaf L of L. In the case A = R 3 , we simply denote
by L(L). In particular, the leaves of L A are of one of the following two types.
• If for a given leaf L in L we have L A ∩ S = Ø, then L a leaf of L A .
• If for a given leaf L in L we have
Note that since L is a lamination of A − S, then L A = L ∪ S. Hence, the closure L of L when considered to be a subset of R 3 is the set L = L ∪ S ∪ (∂A ∩ L).
In contrast to the behavior of (regular) laminations, it is possible for distinct leaves of a singular lamination to intersect. In Section 2 we will give an example that illustrates this phenomenon.
Definition 1.2 With the notation in Definition
A is said to be a limit leaf of L A if the related leaf L ∈ L is a limit leaf of L (i.e., there exists a point p ∈ L that is a limit in A of a sequence of points p n ∈ L n , where L n is a leaf of L for all n, and if L n = L after passing to a subsequence, then the sequence p n does not converge to p in the intrinsic topology of L). We will denote by Lim(L A ) the set of limit leaves of L A .
Throughout the paper, B(p, R) will denote the open Euclidean ball of radius R > 0 centered at a point p ∈ R 3 , B(R) = B( 0, R), S 2 (p, R) = ∂B(p, R) and S 2 (R) = S 2 ( 0, R). For a surface Σ ⊂ R 3 , K Σ will denote its Gaussian curvature function. Definition 1.3 Let {M n } n be a sequence of surfaces (possibly with boundary) in an open set A ⊂ R 3 . We will say that {M n } n has locally positive injectivity radius in A, if for every q ∈ A, there exists ε q > 0 and n q ∈ N such that for n > n q , the restricted functions (I M n )| B(q,εq)∩Mn are uniformly bounded away from zero, where I Mn is the injectivity radius function of M n .
Note that if the surfaces M n have boundary and {M n } n has locally positive injectivity radius in A, then for any p ∈ A there exists ε p > 0 and n p ∈ N such that ∂M n ∩ B(p, ε p ) = Ø for n > n p , i.e., points in the boundary of M n must eventually diverge in space or accumulate to points in the complement of A.
By Proposition 1.1 in Colding and Minicozzi [8] , the property that a sequence of embedded minimal surfaces {M n } n has locally positive injectivity radius in an open set A is equivalent to the property that {M n } n is locally simply connected in A, in the sense that around any point q ∈ A, we can find δ q > 0 such that B(q, δ q ) ⊂ A and for n sufficiently large, B(q, δ q ) intersects M n in components that are disks with boundaries in S 2 (q, δ q ). Theorem 1.4 Suppose W is a countable closed subset of R 3 and {M n } n is a sequence of embedded minimal surfaces (possibly with boundary) in A = R 3 −W , that has locally positive injectivity radius in A. Then, there exist a closed subset S A ⊂ A, a minimal lamination L of A − S A and a subset S(L) ⊂ L (in particular, S(L) ∩ S A = Ø) such that after replacing by a subsequence, {M n } n converges C α , for all α ∈ (0, 1), on compact subsets of A − (S(L) ∪ S A ) to L (here S(L) is the singular set of convergence 2 of {M n } n to L), and the closure of L in A has the structure of a possibly singular minimal lamination of A with singular set S A :
Furthermore, the closure L in R 3 of L has the structure of a possibly singular minimal lamination of R 3 , with the singular set S of L satisfying S A ⊂ S ⊂ S A ∪ (W ∩ L), and:
1. The set P of planar leaves in L forms a closed subset of R 3 .
2. The set Lim(L) of limit leaves of L forms a closed set in R 3 and satisfies Lim(L) ⊂ P.
is a leaf of L (here L 1 is the related leaf of the regular lamination associated to L, see (1) ) and A ∩ S L 1 = Ø, then L is a limit leaf of L.
In particular, every singular leaf point of a non-flat leaf of L belongs to W .
3. If P is a plane in P − Lim(L), then there exists δ > 0 such that P (δ) ∩ L = P , where P (δ) is the δ-neighborhood of P . In particular, S ∩ [P − Lim(L)] = Ø.
4. For each point q ∈ S A ∪ S(L), there passes a plane P q ∈ Lim(L). Furthermore, P q intersects S A ∪ S(L) ∪ W in a closed countable set.
5. Through each point of p ∈ W ∩ L satisfying one of the conditions 5.1, 5.2 below, there passes a planar leaf P p in P.
5.1. For all k ∈ N, there exists ε k ∈ (0, 1 k ) and an open subset Ω k of B(p, ε k ) such that W ∩ B(p, ε k ) ⊂ Ω k ⊂ Ω k ⊂ B(p, ε k ) and the area of M n ∩ [B(p, ε k ) − Ω k ] diverges to infinity as n → ∞ (in this case, the convergence of the M n to P p has infinite multiplicity).
5.2. The convergence of the M n to some leaf of L having p in its closure is of finite multiplicity greater than one.
6. Suppose that there exists a leaf L = L 1 ∪ S L 1 of L that is not contained in P, where L 1 is the related leaf of the regular lamination L 1 := L − S of R 3 − S and S L 1 is the set of singular leaf points of L 1 . Then, L ∩ (S A ∪ S(L)) = Ø (note that L might contain singular points which necessarily belong to W ), the convergence of portions of the M n to L 1 is of multiplicity one, and one of the following two possibilities holds:
6.1. L is proper 3 in R 3 , S = S L 1 ⊂ W and L is the unique leaf of L.
6.2. L is not proper in R 3 and P = Ø. In this case, L has the structure of a possibly singular minimal lamination of R 3 with a countable set of singularities, there exists a subcollection P(L) ⊂ P consisting of one or two planes such that
a. Every open ε-neighborhood P (ε) of a plane P ∈ P(L) intersects L 1 in a connected surface with unbounded Gaussian curvature. b. If some ε-neighborhood P (ε) of a plane P ∈ P(L) intersects L 1 in a surface with finite genus, then P (ε) is disjoint from the singular set of L. c. L 1 has infinite genus.
In particular, L is the disjoint union of its leaves, regardless of which case 6.1 or 6.2 occurs (if case 6.2 occurs, then each leaf of L is either a plane or a minimal surface possibly with singularities in W , that is proper 2 in an open halfspace or slab of R 3 ). 7 . Suppose that the surfaces M n have uniformly bounded genus and S ∪ S(L) = Ø. Then: 7.1. L = P and so, S = Ø.
L contains a foliation
F of an open slab of R 3 by planes and S(L) ∩ F consists of one or two straight line segments orthogonal to the planes in F, where each line segment intersects every plane in F. Furthermore, if there are 2 different line segments in S(L) ∩ F, then in the related limit minimal parking garage structure of the slab, the two multivalued graphs occurring inside the surfaces M n along S(L) ∩ F are oppositely handed.
7.3. If the M n are compact with boundary, then L is a foliation of R 3 by planes and S(L) consists of one or two complete lines orthogonal to the planes in this foliation.
In item 7.2 of Theorem 1.4 we mentioned the "related limit minimal parking garage structure of the slab"; we refer the reader to our paper [23] for the notion of limit minimal parking garage structure of R 3 (see Colding and Minicozzi [9] for a related discussion). Limit minimal parking garage structures in [23] are foliations of R 3 by planes, that appear as the limit outside a discrete set of lines orthogonal to the planes, of certain sequences of embedded minimal surfaces that are uniformly locally simply connected in R 3 . The fact that the sequence {M n } n in Theorem 1.4 is only locally simply connected outside W is what might produce a foliated slab rather than the whole R 3 . In spite of this problem that arises from W , we feel that our language here appropriately describes the behavior of the limit configuration, since if F is a union of planar leaves of L that 3 As leaves of L may have singularities, properness of such a leaf L = L1 ∪ SL 1 just means that L is a closed set of R 3 , or equivalently, SL 1 is closed in R 3 and L1 is a proper surface in the complement of SL 1 . forms an open slab and F ∩ S(L) = Ø, then F ∩ S = Ø and for n large, M n ∩ F has the appearance of a parking garage surface on large compact domains of this open slab, away from W . In Example 2.3 below we will exhibit a parking garage structure of the upper halfspace of R 3 . Regarding applications, Theorem 1.4 will be crucial in the proof of the following results:
(I) In Theorem 4.1 below we will describe the structure of any singular minimal lamination L = L ∪ S of R 3 with countable singular set S. Roughly speaking, either L consists of a single leaf which is a properly embedded minimal surface (S = Ø in this case), or L consists of a closed family P of parallel planes that contains all limit leaves of L, together with nonflat leaves in R 3 − P, each of which has infinite genus, unbounded Gaussian curvature and is properly embedded in an open slab or halfspace bounded by one of two planes in P, and limits to these planes (in particular, non-flat leaves are not proper in R 3 ).
(II) In [21] we will apply Theorem 1.4 to prove that for each g ∈ N ∪ {0}, there exists a bound on the number of ends of a complete, embedded minimal surface in R 3 with finite topology and genus at most g. This topological boundedness result implies that the stability index of a complete, embedded minimal surface of finite index in R 3 has an upper bound that depends only on its finite genus.
(III) We will use Theorem 1.4 in [22] to show that a connected, complete, embedded minimal surface in R 3 with an infinite number of ends, finite genus and compact (possibly empty) boundary, is proper if and only if it has a countable number of limit ends, if and only if it has one or two limit ends, and when the boundary of the proper surface is empty, then it has exactly two limit ends (limit ends are the limit points in the space of ends endowed with its natural topology). Both (II) and (III) were announced a long time ago, but we found some problems in the original proof that have finally been resolved by applications of results in the present paper.
Besides the above applications, Theorems 1.4 and 4.1 provide geometrical insight for possibly resolving the following fundamental conjecture, at least when the set S is countable. Conjecture 1.5 (Fundamental Singularity Conjecture) Suppose S ⊂ R 3 is a closed set whose one-dimensional Hausdorff measure is zero. If L is a minimal lamination of R 3 − S, then the closure L has the structure of a minimal lamination of R 3 .
Since the union of a catenoid with a plane passing through its waist circle is a singular minimal lamination of R 3 whose singular set is the intersecting circle, the above conjecture represents the strongest possible removable singularity conjecture.
The paper is organized as follows. In Section 2 we give examples of singular minimal laminations and obtain some results to be used in the proof of the main Theorem 1.4; these auxiliary results are based on the local removable singularity theorem [31] and the stable limit leaf theorem for the limit leaves of a minimal lamination [26, 27] . In Section 3 we prove Theorem 1.4. Section 4 contains the statement and proof of the application (I) (Theorem 4.1) listed above. In the final Section 5 we will describe the subsequential limit of a sequence {M n } n of compact embedded minimal surfaces of genus at most g ∈ N ∪ {0}, with boundaries ∂M n diverging in R 3 , Figure 1 : The origin is a singular leaf point of the horizontal disk passing through it, but not of the two nonproper spiraling leaves L + , L − .
provided that the M n contain disks that converge C 2 to a nonflat minimal disk: a subsequence converges smoothly on compact subsets of R 3 with multiplicity one to a connected nonflat minimal surface of genus at most g which is properly embedded in R 3 , has bounded Gaussian curvature, and either it has finite total curvature, or is a helicoid with handles or a two-limit-ended surface.
Preliminaries.
We start by giving an example of a singular minimal lamination whose leaves intersect. We will use the notation introduced in Definition 1.1.
Example 2.1
The union of two transversal planes Π 1 , Π 2 ⊂ R 3 is a singular lamination L of A = R 3 with singular set S being the line Π 1 ∩ Π 2 . In this example, Definition 1.1 yields a related lamination L of R 3 − S with four leaves that are open halfplanes in Π i − (Π 1 ∩ Π 2 ), i = 1, 2, L has four leaves that are the associated closed halfplanes that intersect along S; thus, L is not the disjoint union of its leaves: every point in S is a singular leaf point of each of the four leaves of L.
In our second example, the leaves of the singular minimal lamination will not intersect. 
and two nonproper disks L + ⊂ {x 3 > 0} and L − ⊂ {x 3 < 0} that spiral to D − { 0} from opposite sides, see Figure 1 . In this case, 0 is a singular leaf point of
Hence, L 1 is the disjoint union of its leaves in this case.
Example 2.2 is produced as a limit of a sequence of embedded minimal surfaces. We will use this sequence to produce an example of a parking garage structure of the upper halfspace of R 3 , as announced right after the statement of Theorem 1.4. Example 2.3 Colding and Minicozzi [3] proved the existence of a sequence {D n } n of compact minimal disks contained in the closed unit ball B(1) of R 3 , with ∂D n ⊂ S 2 (1), such that {Int(D n )} n converges as n → ∞ to the singular minimal lamination L 1 = L 1 ∪ S 1 of B(1) that appears in Example 2.2. By the local removable singularity theorem for minimal laminations (see Theorem 1.1 in [31] or see Theorem 2.4 below), the Gaussian curvature function K L 1 of L 1 satisfies that |K L 1 |R 2 is unbounded in arbitrarily small neighborhoods of 0, where
. Defining λ n = |p n | −1/2 , where p n are points in D n such that p n → 0 and |K Dn |(p n )|p n | 2 → ∞, then the Gaussian curvature of the homothetically expanded disks λ n D n blows up around 0. By Theorem 0.1 in Colding and Minicozzi [7] , after passing to a subsequence, the λ n D n converge to a foliation F of R 3 by planes (which can be proved to be horizontal due to the properties of D n in [3] ), with singular set of convergence S(F) being a transverse Lipschitz curve to the planes in the foliation, which in fact is the x 3 -axis by the C 1,1 -regularity theorem of Meeks [18] ). It then follows that M n = λ n L + ⊂ {x 3 > 0} is a nonproper, embedded minimal disk, and the sequence {M n } n has locally positive injectivity radius in R 3 − { 0} and converges in R 3 minus the nonnegative x 3 -axis to the minimal lamination L of R 3 − { 0} by all horizontal planes with positive heights together with the (x 1 , x 2 )-plane punctured at 0, whose singular set of convergence S(L) is the positive x 3 -axis. In this case, W = { 0} and L is the foliation of the closed upper halfspace of R 3 by horizontal planes; in particular S = Ø. Conjecture 1.5 stated in the Introduction has a global nature, because there exist interesting minimal laminations of the open unit ball in R 3 punctured at the origin that do not extend across the origin, see Figure 1 and also see Examples I and II in Section 2 in [31] . In Example III of Section 2 of [31] we described a rotationally invariant global minimal lamination of hyperbolic three-space H 3 , which has a similar unique isolated singularity. The existence of this global singular minimal lamination of H 3 demonstrates that the validity of Conjecture 1.5 must depend on the metric properties of R 3 . However, in [29] and [31] , we obtained a remarkable local removable singularity result, valid in any Riemannian three-manifold N for certain possibly singular laminations all whose leaves have the same constant mean curvature. Since we will apply this theorem and a related corollary repeatedly in the minimal case, we give their complete statements below in this minimal case.
Given a three-manifold N and a point p ∈ N , we will denote by B N (p, r) the metric ball of center p and radius r > 0. The following result is a consequence of Theorem 2.4; see Corollary 7.1 in [31] for a proof.
Corollary 2.5 Suppose that N is a (not necessarily complete) Riemannian three-manifold. If W ⊂ N is a closed countable subset and L is a minimal lamination of N − W , then the closure of any collection of its stable leaves extends across W to a minimal lamination of N consisting of stable minimal surfaces. In particular, 1. The closure Stab(L) in N of the collection of stable leaves of L is a minimal lamination of N whose leaves are stable minimal surfaces.
3. If L is a minimal foliation of N − W , then L extends across W to a minimal foliation of N . Proof. Reasoning by contradiction, suppose that p ∈ S is a singular leaf point of two different leaves
Since S is countable, we may assume that the sphere
We will obtain a contradiction after replacing each L i (ε) by a component of it having p in its closure (we will use the same notation L i (ε) for this component); hence we will assume from now on that L i (ε) is connected, i = 1, 2. Since S is countable and closed, B(p, ε) − S is a simply connected threemanifold with boundary. Hence, L 1 (ε) separates B(p, ε) into two connected components, and the same holds for L 2 (ε). Let N be the closure of the component of
Using ∂N as a barrier for solving Plateau problems in N , then from a compact exhaustion of L 1 (ε) − S, we produce a properly embedded, area-minimizing varifold Σ 1 ⊂ N − S with ∂Σ 1 = ∂L 1 (ε) and p ∈ Σ 1 and that separates L 1 (ε) from L 2 (ε) (see Meeks and Yau [35] for similar construction and a description of this barrier type construction). By regularity properties of area-minimizing varifolds, Σ 1 is regular except possibly at points in Σ 1 ∩ S. Now consider Σ 1 − S to lie in B(p, ε) − S and so, Σ 1 − S represents a minimal lamination of B(p, ε) − S with stable leaves. Since S is closed and countable, Corollary 2.5 implies that Σ 1 extends smoothly across S ∩ B(p, ε). Exchanging L 1 (ε) by Σ 1 and reasoning analogously, we find an embedded, area-minimizing surface Σ 2 between Σ 1 and L 2 (ε), with ∂Σ 2 = ∂L 2 (ε), such that p ∈ Σ 2 and Σ 2 is smooth. Clearly Σ 1 , Σ 2 contradict the interior maximum principle at p, which proves the proposition.
2
Using similar arguments, we can extend Proposition 2.6 to the case of a general Riemannian three-manifold (for the proof to work and using the same notation as above, we also need the part of the boundary of N coming from the boundary of B(p, ε) to have positive mean curvature, which can be assumed by choosing ε small enough). The following result is a consequence of this generalization.
Corollary 2.7 Let B N (p, R) be a compact ball centered at a point p in a Riemannian threemanifold N , with radius R > 0. Finally, consider a properly embedded, smooth minimal surface M of finite genus in B N (p, R)− {p} with ∂M ⊂ ∂B N (p, R), and suppose that M is noncompact. We may assume, by passing to a smaller R > 0 and using the arguments in the previous paragraph, that M has just one end and that M is an annulus. We can also assume that the exponential map exp p yields R 3 -coordinates on B N (p, r) centered at p ≡ 0, for r > 0 small enough. Since M is a locally rectifiable 2-dimensional varifold with bounded (actually zero) mean curvature, Theorem 3.1 in Harvey and Lawson [15] implies that M has finite area. Under this finiteness condition, Allard proved ([1], Section 6.5) the existence of minimal limit tangent cones of M in R 3 at the origin after homothetic rescaling of coordinates. By Corollary 5.1(3) of [1] , M satisfies a monotonicity formula for the extrinsic area (even in this Riemannian setting, see Remark 4.4 in [1] ), valid for surfaces with bounded mean curvature. In the present setting that M has mean curvature zero, Allard's monotonicity formula implies that with respect to the metric g M on M induced by the ambient metric g on N , (M, g M ) has at most quadratic extrinsic area growth, in the sense that
Now consider the ambient conformal change of metric
is a complete annulus with linear area growth and compact boundary. Such a surface is conformally a punctured disk D * (see Grigor'yan [13] ). Thus, the related conformal harmonic map of D * extends to a harmonic map on the whole disk D, that gives rise to a conformal, branched minimal immersion defined on D (see e.g., Grüter [14] ). Since M is embedded near p, then p cannot be a branch point; hence M extends across p to a smooth, compact, embedded minimal surface. This finishes the proof of the corollary. 2 3 The proof of Theorem 1.4.
Suppose W is a closed countable subset of R 3 and {M n } n is a sequence of embedded minimal surfaces (possibly with boundary) in A = R 3 − W , such that {M n } n has locally positive injectivity radius in A. We will first produce the possibly singular limit lamination L A that appears in Theorem 1.4. If the M n have uniformly locally bounded curvature in A, then it is a standard fact that a subsequence of the M n converges to a minimal lamination L of A with empty singular set and empty singular set of convergence (see for instance the arguments in the proof of Lemma 1.1 in Meeks and Rosenberg [32] ). In this case, L A = L and S A = Ø. Otherwise, there exists a point p ∈ A such that, after replacing by a subsequence, the supremum of the absolute Gaussian curvature of M n ∩ B(p, 1/k) diverges to ∞ as n → ∞, for any k fixed.
Since A is open, we can assume B(p, 1/k) ⊂ A for k large and thus, Proposition 1.1 in [8] (see also Theorem 13 in [33] ) implies that the sequence of surfaces {M n ∩B(p, 1/k)} n is locally simply connected in B(p, 1/k). We will next describe both the limit object of the surfaces M n ∩ B(p, 1/k) as n → ∞ and the surfaces themselves for n large; this description relies on Colding-Minicozzi theory and is adapted from a similar description in [23] ; we have include it here as well for the sake of completeness.
(D) For k and n large, M n ∩ B(p, 1/k) consists of compact disks with boundaries in S 2 (p, 1/k). By Theorem 5.8 in [5] , after a rotation of R 3 and extracting a subsequence, each of the disks M n ∩B(p, 1/k) contains a 2-valued minimal graph 4 defined on an annulus {(x 1 , x 2 , 0) | r 2 n ≤ x 2 1 + x 2 2 ≤ R 2 } with inner radius r n 0, for certain R ∈ (r n , 1/k) small but fixed. By the one-sided curvature estimates and other results in [7] , for some k 0 sufficiently large, a subsequence of the surfaces {M n ∩B(p, 1/k 0 )} n (denoted with the same indexes n) converges to a possibly singular minimal lamination
, and in this last case D(p, * ) extends smoothly across p to a stable minimal disk D(p) that is a leaf of L p ; this is Lemma II.2.3 in [9] . In fact, D(p) appears as a limit of the previously mentioned 2-valued minimal graphs inside the M n , that collapse into it. In both cases, the boundary of D(p) is contained in S 2 (p, 1/k 0 ) and D(p) ∩ S p ⊆ {p}. By Corollary I.1.9 in [7] , there is a solid double cone 5 C p ⊂ B(p, 1/k 0 ) with vertex at p and axis orthogonal to the tangent plane T p D(p), that intersects D(p) only at the point p and such that the complement of C p 4 In polar coordinates (ρ, θ) on R 2 −{0} with ρ > 0 and θ ∈ R, a k-valued graph on an annulus of inner radius r > 0 and outer radius R > r, is a single-valued graph of a function u(ρ, θ) defined over {(ρ, θ) | r ≤ ρ ≤ R, |θ| ≤ kπ}, k being a positive integer. 5 A solid double cone in R 3 is a set that after a rotation and a translation, can be written as {(x1, x2, x3) | x The local picture of disk-type portions of M n around an isolated point p ∈ S. The stable minimal punctured disk D(p, * ) appears in the limit lamination L p , and extends smoothly through p to a stable minimal disk D(p) that is orthogonal at p to the axis of the solid double cone C p .
in B(p, 1/k 0 ) does not intersect S p . Also, Colding-Minicozzi theory implies that for n large, M n ∩ B(p, 1/k 0 ) has the appearance outside C p of two highly-sheeted multivalued graphs over D(p, * ), see Figure 2 . Furthermore:
admits a local lamination structure around p), then after possibly choosing a larger k 0 , there exists a neighborhood of p in B(p, 1/k 0 ) that is foliated by compact disks in L p , and S(L p ) intersects this family of disks transversely in a connected Lipschitz arc. This case corresponds to case (P) described in Section II.2 of [9] . In fact, the Lipschitz curve S(L p ) around p is a C 1,1 -curve orthogonal to the local foliation (Meeks [18, 19] ), see Figure 3 left.
(D2) If p ∈ S p , then after possibly passing to a larger k 0 , a subsequence of the surfaces {M n ∩ B(p, 1/k 0 )} n (denoted with the same indexes n) converges C α , α ∈ (0, 1), on compact
To continue with the local description of case (D2), it is worth distinguishing two subcases: (D2-B) p is not isolated as a point in S p . In this case, p is the limit of a sequence {p m } m ⊂ S p ∩ C p . In particular, D(p) is the limit of the related sequence of stable minimal disks D(p m ), and D(p, * ) is the limit of a sequence of pairs of multivalued graphical leaves of
. Note that these singular points p m might be isolated or not in S p , see Figure 3 right.
. Center: Case (D2-A) for an isolated point p ∈ S p . In the picture, p is the end point of an arc contained in S(L p ), although D(p, * ) could also be the limit of two pairs of multivalued graphical leaves, one pair on each side. Right: Case (D2-B) for a nonisolated point p ∈ S p .
A standard diagonal argument implies, after extracting a subsequence, that the sequence {M n } n converges to a possibly singular minimal lamination
A has the appearance of the possibly singular minimal lamination
(all unions in (2) are disjoint), where
Consider the set
that is closed in R 3 . If we define
then L 1 can be endowed naturally with a structure of a (regular) minimal lamination of the open set R 3 − S. Thus, the decomposition (2) gives that L is a possibly singular lamination of R 3 , with singular set S and related (regular) lamination L 1 , and so, to finish this section in remains to prove items 1, . . . , 7 in the statement of Theorem 1.4. Proof. Item 1 holds since the limit of a convergent sequence of planes is a plane. Next we show that the first sentence in item 2 holds.
where L 1 is its related leaf of the regular lamination L 1 and S L 1 is the set of singular leaf points of L 1 . Thus, L 1 is a limit leaf of L 1 . As L 1 is a regular lamination of R 3 − S, then the stable limit leaf theorem [26, 27] applies in this case and gives that the two-sided cover of L 1 is stable. Since the set Lim(L 1 ) of limit leaves of L 1 forms a sublamination (closeness of Lim(L 1 ) follows essentially from taking double limits), then the first sentence of item 2 of Theorem 1.4 reduces to checking that L(L 1 ) is a plane. To do this, we will distinguish two cases.
(C1) If the M n have uniformly locally bounded Gaussian curvature in A, then L A is a (regular) minimal lamination of A, i.e., L A = L and S A = Ø. Hence, S ⊂ W and thus, S is a closed countable set of R 3 . Applying Corollary 2.5 we deduce that L 1 extends across L 1 ∩ W and its two-sided cover is a stable minimal surface. Since such an extension is clearly complete, it follows that the extension of L 1 across L 1 ∩ W is a plane. But this extension coincides with L(L 1 ) and we are done in this case.
(C2) Suppose now that the M n do not have uniformly locally bounded Gaussian curvature in A.
Note that the two-sided cover of L A is stable, since the same holds for L 1 by the stable limit leaf theorem [26, 27] .
Consider the union L A of L A with all points q ∈ S A such that the related punctured disk
Clearly, L A is a (smooth) minimal surface and the two-sided cover of L A is stable. We claim that L A is complete outside W in the sense that every divergent arc α : [0, 1) → L A of finite length has its limiting end point in W .
Arguing by contradiction, suppose that there exists a divergent arc α :
Therefore, there exists δ > 0 such that α(t) ∈ B(q, ε) for every t ∈ [l−δ, l), where B(q, ε) is the closed ball that appears in description (D) (with ε = 1/k 0 ), and ε > 0 is taken sufficiently small so that B(q, ε) ⊂ A. Note that by construction,
is contained in one of the two halfballs of B(q, ε) − D(q), say in the upper "halfball" B + (we can choose orthogonal coordinates in R 3 centered at q so that T q D(q) is the (x 1 , x 2 )-plane). In particular, there cannot exist a sequence {q m } m ⊂ S A converging to q in B + , because otherwise q m produces via (D2-B) a related disk D(q m ) that is proper in B + , such that the sequence {D(q m )} m converges to D(q) as m → ∞; as α(l − δ) lies above one of these disks D(q k ) for k sufficiently large, then α([l − δ, l)) lies entirely above D(q k ), which contradicts that γ limits to q. Therefore, after possibly choosing a smaller ε, we can assume that there are no points of S A in B + other than q. Now consider the lamination L of B(q, ε) − {q} given by D(q, * ) together with the closure of L A ∩ B + in B(q, ε) − {q}. As the leaves of L are all stable (if L A is two-sided; otherwise we pass to a two-sided cover), then Corollary 2.5 implies that L extends smoothly across q, which is clearly impossible. This contradiction proves our claim that L A is complete outside W . Applying Corollary 7.2 in [31] to L A , we deduce that closure of L A in R 3 is a plane, which finishes the proof of the first sentence in item 2 of Theorem 1.4.
As for the second sentence in item 2 of Theorem 1
As {M n } n is locally simply connected outside W , then the description in (D)-(D1)-(D2) above implies that for ε > 0 sufficiently small, L 1 ∩ B(p, ε) equals the punctured disk D(p, * ) that appears in this description, since p is a singular leaf point of L 1 , also see Example 2.2-(B) in the Introduction. In particular, L 1 ∩ B(p, ε) is a limit leaf of the local lamination in B(p, ε) minus a certain solid cone centered at p. As L is connected, we conclude that L is a limit leaf of L. In this situation, the first sentence in item 2 of Theorem 1.4 implies that L ∈ P. This finishes the proof of Lemma 3.1.
Next we prove item 4 of Theorem 1.4, since we shall made use of it in the proof of item 3 of the same theorem. Proof. The local picture of
there passes a limit leaf of L that, by item 2 of Theorem 1.4, must be a plane P q ∈ Lim(L). Next we will prove that
is a closed countable set. By the same local picture, we have that
is a discrete subset of P q − W , that is clearly closed in the intrinsic topology of P q − W . Thus the limit points of
is a closed countable set of R 3 , and the lemma follows. Proof. Suppose that P is a plane in P − Lim(L). Since Lim(L) is a closed set of planes, we can choose δ > 0 such that the 2δ-neighborhood of P is disjoint from Lim(L). By item 4 of
We now check that L is disjoint from P . Arguing by contradiction, suppose that L and P intersect. Note that every such intersection point q must lie in W by the maximum principle, and that q is a singular leaf point of both L and P . This is impossible by Proposition 2.6 since W is countable. Therefore, L does not intersect P . In this setting, we can use the proof of the halfspace theorem (Hoffman and Meeks [16] ) with catenoid barriers (adapted to this situation with countably many singularities via Proposition 2.6) to obtain a contradiction to the existence of L . Hence, P (δ) ∩ L = P , which proves the lemma. 
we have simplified the figure by taking one dimension less); here
, created by holonomy. In any case, the closure
Proof. Suppose now that p ∈ W ∩ L satisfies one of the conditions of items 5.1, 5.2 in Theorem 1.4. First note that if p lies in the closure of S A ∪ S(L), then there passes a plane in P through p by items 1 and 4 of Theorem 1.4 and we have the conclusion of item 5 in this case. Otherwise, we find an R > 0 such that the closed ball
and the surfaces M n converge to L on compact subsets of B(p, R) − W . Arguing by contradiction, suppose no plane in P passes through p. Since P is closed in R 3 , then we can assume no plane in P intersects B(p, R), and hence item 2 of Theo-
Let L p be the leaf of L ∩ B(p, R) that passes through p (p is a singular leaf point of the regular part of L p , which in turn is contained in L p − W ). Note that the distance between L p and the other leaves of [L ∩ B(p, R)] − L p is positive, as follows also from Proposition 2.6 together with the fact that L p is not a limit leaf. If 5.1 or 5.2 holds, then given a compact disk D ⊂ L p − W and ε ∈ (0, R), there exists an integer n 0 = n 0 (D, ε) such that for n ≥ n 0 , there exist two pairwise disjoint disks D n 1 , D n 2 in M n such that these disks are normal graphs over D with graphing functions f n 1 , f n 2 , respectively, each having norms less than ε. Observe that if we replace the disk D by a compact subdomain in L p − W , then the graphing functions f n 1 , f n 2 might fail to be univalent. More precisely, consider a smooth 6 
with ∂L p ⊂ ∂L p (1). 6 Smoothness of the compact exhaustion can be assumed as S 2 (p, R) can be supposed to be transverse to Lp. Note that the topological boundary ∂Lp is nonempty and contained in S 2 (p, R).
Fix k ∈ N large and consider the r(k)-normal open regular neighborhood
where N stands for the unit normal vector to L p , and r(k)
In both cases, the validity of 5.1 or 5.2 implies that the closure of Figure 4 . In order to obtain this description we are using that the surfaces M n ∩ B(p, R) have locally bounded Gaussian curvature in B(p, R) − W , B(p, R) − W is simply connected and so L p − W is a two-sided minimal surface, and the fact that the leaf L p is a positive distance from the other leaves of L ∩ B(p, R). If we fix a point p 0 ∈ L p (k) − ∂L p (k), then a subsequence of the positive functions (4), and S L 1 is the set of singular leaf points of L 1 . As no plane in P passes through p, then L 1 is not flat and so, L 1 is not a limit leaf of L 1 by item 2 of Theorem 1.4. Let Lim(L 1 ) be the set of limit points of L 1 . We claim that through every point q ∈ Lim(L 1 ) ∩ A there passes a plane that is contained in L: If q ∈ S A , this follows from item 4 of Theorem 1.4; if on the contrary q ∈ A − S A , then the leaf L 2 of L 1 that passes through q is a limit leaf of L 1 , and thus, L 2 is a plane by item 2 of Theorem 1.4. Now our claim holds. As through every point of Lim(L 1 ) ∩ A there passes a plane in L, then a connectedness argument shows that L 1 is proper in ∆ − W , where ∆ ⊂ R 3 is either an open halfspace or an open slab. As ∆ − W is simply connected and L 1 is properly embedded in ∆ − W , then L 1 is orientable. Now consider a compact subdomain Ω ⊂ L 1 . As L 1 is not a limit leaf of L 1 , then Ω is at a positive distance from any leaf of L 1 different from L 1 . In particular, Ω admits an normal open neighborhood that is disjoint from any other leaf of L 1 . In this setting, we can repeat the argument in the previous paragraph to construct a positive Jacobi function on Ω, which proves that Ω is stable. As Ω is any compact subdomain in L 1 , then we conclude that L 1 is stable as well.
We next prove that L 1 stays at a positive distance from every point p 1 ∈ S A : again arguing by contradiction, if this property fails to hold for a point p 1 ∈ S A , then portions of L 1 enter in every ball B(p 1 , ε) of arbitrarily small radius. In this setting, the local description in (D)-(D1)-(D2) for a sufficiently small ball B(p 1 , ε) implies that either L 1 contains the punctured disk D(p 1 , * ) that appears in (D), or L 1 ∩ B(p 1 , ε) contains two multivalued graphs Σ that spiral together infinitely many times into D(p 1 , * ) at one side of D(p 1 , * ). The first possibility cannot occur as L 1 is not a limit leaf of L 1 ; the second possibility cannot occur either, by Theorem 2.4 applied to the lamination Σ ∪ D(p 1 , * ) of B(p 1 , ε) − {p 1 }, because Σ is stable. This contradiction shows that L 1 stays at a positive distance from every point p 1 ∈ S A . Finally, as L 1 is a leaf of the lamination L 1 of R 3 − S (the singular set S was defined in (3)) and L 1 stays at a positive distance from every point p 1 of S A , then we deduce that L 1 is complete outside W . As L 1 is stable, then Corollary 2.5 implies that L 1 extends across W to a complete stable minimal surface in R 3 , hence a plane passing through p, which is absurd. Now the proof of the lemma is complete.
2 (4) and S L 1 is the set of singular leaf points of L 1 . As the argument to prove the proposition is delicate, we will organize it into four assertions.
then L is a smooth minimal surface around x. Since item 4 of Theorem 1.4 implies that there passes a plane P x ∈ P through x, we conclude that
. By item 4 of Theorem 1.4, there passes a plane P y ∈ P through y, which implies that both L 1 , P y share the singular leaf point y. Since P y intersects S in a closed countable set (again by item 4 of Theorem 1.4), then Proposition 2.6 leads to a contradiction. Therefore, we have proved that L ∩ (S A ∪ S(L)) = Ø. Finally, the property that the convergence of portions of the M n to L 1 is of multiplicity one follows from the proof of Lemma 3.4. Now Assertion 3.6 follows. 2
To prove that either item 6.1 or 6.2 of Theorem 1.4 holds, we will distinguish two cases, depending on whether or not L is proper as a set in R 3 .
Our goal is to show that item 6.1 of Theorem 1.4 holds. Since L is proper in R 3 , all the points in S ∩ L are singular leaf points of L 1 , in particular L = L. In this setting, the proof of the halfspace theorem that uses catenoid barriers together with Proposition 2.6 imply P = Ø. By item 4 of Theorem 1.4, we have S A ∪ S(L) = Ø. Thus, S ⊂ W by equality (3). To deduce item 6.1 of Theorem 1.4, it remains to prove that L is the unique leaf of L. Otherwise, L contains a leaf L = L, and L is not flat since P = Ø. Furthermore, L is proper in R 3 (if L were nonproper then L would contain a limit leaf that is a plane in P). Proposition 2.6 implies that L and L do not intersect. The existence of the proper, possibly singular surfaces L, L contradicts the proof of the strong halfspace theorem adapted to this singular setting via Proposition 2.6 (see [16, 34] ), in which one first constructs a plane between L and L and then applies the proof of the halfspace theorem. This proves that item 6.1 of Theorem 1.4 holds, as desired.
In this second case we will demonstrate that item 6.2 of Theorem 1.4 holds, which will finish the proof of Proposition 3.5. As L is not proper in R 3 , there exists a limit point q 0 of L, in the sense that there exists a sequence of points in L that converges to q 0 in R 3 and that is intrinsically divergent in L. Therefore, L 1 is also nonproper in any extrinsic neighborhood of q 0 , which implies that q 0 is not a singular leaf point of L 1 and thus, q 0 is not contained in L. Assertion 3.7 Through any limit point q of L there passes a plane P ∈ P. Furthermore, every point in such a plane P is a limit point of L.
Proof. First note that such a limit point q of L cannot lie in L, by the discussion in the last paragraph. If q lies in the regular lamination L 1 , then the leaf L 1 of L 1 that contains q is a limit leaf of L 1 . By the arguments in the proof of Lemma 3.1, the closure L 1 must be a plane in P, and the assertion holds in this case. Then, we may assume q ∈ (L 1 ∩ S) − S L 1 . By Definition 1.1, this implies that for every open neighborhood V of q in R 3 , then L 1 ∩ V fails to be closed in V − S. Thus one can find a sequence {V k } k of open neighborhoods of q and a sequence of points
Without loss of generality, we can assume V k → {q} as
Thus {y k (m)} m converges to x k in the topology of R 3 but it does not converge to
. This gives that x k ∈ Lim(L 1 ), and our previous arguments imply that there passes a plane in P through x k . Since this happens for all k, x k → q as k → ∞ and P is a closed set of planes, then there also passes a plane in P through q and the assertion is proved.
We continue with the proof of item 6.2 of Theorem 1.4 in case (E2). Since L is not proper in R 3 and through any limit point of L there passes a plane in P, a straightforward connectedness
Proof. Since L is connected and nonflat, there are no planar leaves of L in C(L). Reasoning by contradiction, suppose that L is a nonflat leaf of L that is different from L and that intersects C(L). Since L and L are proper in C(L), the maximum principle together with Proposition 2.6 imply that L ∩ L = Ø. Reversing the roles of L and L one can easily check that P(L) = P(L ) and C(L) = C(L ). As both L − S and L − S are properly embedded smooth surfaces in the simply connected region
; since the two boundary components of X are good barriers for solving Plateau problems in X (in spite of being singular by using Proposition 2.6), a standard argument (see Meeks, Simon and Yau [34] ) shows that there exists a properly embedded, least-area surface Σ ⊂ X that separates L from L in X, and hence separates L from L in C(L). However, since X is not necessarily complete (note that every divergent path in X with finite length must
, then the surface Σ might fail to be complete. On the other hand, Assertion 3.6 applied to L, L implies that neither of the surfaces L, L intersects
] is closed and countable. As Σ, when considered to be a surface in R 3 , is complete outside the closed countable S ∩ [L ∪ L ∪ P(L))], then Corollary 2.5 implies that Σ extends to a complete, stable minimal surface Σ in R 3 . Therefore, Σ is a plane. This is impossible as P(L) = P(L ) but L and L lie on opposite sides of a plane. This proves the assertion.
2 Assertion 3.9 Every open ε-neighborhood P (ε) of a plane P ∈ P(L) intersects the surface L 1 in a connected smooth surface with unbounded Gaussian curvature.
Proof. After a rotation, we may assume that P = {x 3 = 0} and L limits to P from above P . Given ε > 0 small enough so that {0 < x 3 ≤ ε} ⊂ C(L), we consider the smooth minimal surface
Note that L 1 (ε) is possibly incomplete (completeness of L 1 (ε) may fail in the set S ∩ {0 ≤ x 3 ≤ ε}). Since S ⊂ S A ∪ W , W is countable and L ∩ S A = Ø by item 4 of Theorem 1.4, then we may also choose ε so that the closure L 1 (ε) in R 3 of L 1 (ε) does not have singularities in the plane {x 3 = ε}. In a similar way as in the proof of Assertion 3.8, applying the proof of Theorem 1.6 in [32] and using the local extendability of a stable minimal surface in C(L) that is complete outside a closed countable set and has its boundary in a plane in C(L), one sees that {0 ≤ x 3 ≤ ε} intersects L in a connected set. We next prove that the Gaussian curvature of L 1 (ε) is unbounded. Reasoning by contradiction, assume L 1 (ε) has bounded Gaussian curvature. In this case,
In this situation with bounded Gaussian curvature, one can apply Lemma 1.4 in [32] to deduce that L 1 (ε) is a graph over its projection to P , in particular it is proper in the closed slab {0 ≤ x 3 ≤ ε}, which contradicts the proof of the Halfspace Theorem. Hence, L 1 (ε) has unbounded Gaussian curvature.
The main statements of item 6.2 and item 6.2(a) of Theorem 1.4 are now proven under the hypothesis of Case (E2); it remains to prove that the additional statements 6.2(b) and 6.2(c) hold to complete the proof of Proposition 3.5. This is a technical part of the proof, where the local picture theorem on the scale of topology [23] will play a crucial role.
Remark 3.10
In the first item of the next assertion, one can ask if it is the case that every open ε-neighborhood P (ε) of P intersects the surface L 1 in a connected smooth surface with infinite genus, without making the additional assumption that the plane P ∈ P(L) contains a singularity of L. The answer to this question is unclear to the authors.
Assertion 3.11
1. If a plane P ∈ P(L) contains a singularity of L, then every open ε-neighborhood P (ε) of P intersects the surface L 1 in a connected smooth surface with infinite genus.
2. The leaf L 1 has infinite genus.
Proof. We first prove that item 1 of the assertion implies item 2. Suppose that L 1 has finite genus and item 1 holds. Item 1 implies that each plane in P(L) contains no singularities of L. As L is proper in C(L), then Corollary 2.7 implies that L 1 has no singularities in C(L) (to see this, observe that such a singularity q would belong to W , hence q could be assumed to be isolated in W by Baire's Theorem, and now Corollary 2.7 applies to give a contradiction). Hence, L is a minimal lamination of R 3 whose leaves are the nonflat surface L 1 together with the nonempty set of planes in P(L). The fact that L 1 has finite genus genus contradicts Corollary 1 in [24] , which states that every nonplanar leaf of a minimal lamination of R 3 with more than one leaf has infinite genus.
We next prove item 1 holds; this will complete the proof of the assertion and the proof of Proposition 3.5. Suppose that the (x 1 , x 2 )-plane P ∈ P(L) contains a singularity of L. To finish the proof of Assertion 3.11, it remains to demonstrate that for every ε > 0, the surface L 1 (ε) given by (5) has infinite genus. If this infinite genus property were to fail, then we first choose ε sufficiently small so that L 1 (ε) has genus zero, keeping the property that L 1 (ε) does not have singularities in the plane {x 3 = ε}. As L is proper in C(L), then Corollary 2.7 implies that L 1 (ε) has no singularities in {0 < x 3 ≤ ε}. Thus, L 1 (ε) is a smooth, connected minimal surface with genus zero, that is complete outside a nonempty closed countable set
(none of the points in S can be a singular leaf point of L 1 , by Proposition 2.6), and the boundary of L 1 (ε) lies in the plane {x 3 = ε}. Since S is nonempty, closed and countable, Baire's Theorem insures that there exists an isolated point q ∈ S . After a translation and homothety, assume q = 0 and S ∩ B(2δ) = { 0} for some positive δ < ε 2 . Let I L 1 be the injectivity radius function of L 1 . We will find the desired contradiction by discussing the cases (E2-A), (E2-B) below, depending on whether or not
We will use the local picture theorem on the scale of topology together with a flux argument to discard this case. By Theorem 1.1 in [23] (see also Remark 4.31 in the same paper), there exists a sequence of points {p n } n ⊂ L 1 called points of almost-minimal injectivity radius, such that the following properties hold: (F1) p n → 0 and
that contains p n is compact and has its boundary in S 2 (p n , ε n ).
3) The sequence of surfaces { L(n) := λ n [L(n) − p n ]} n converges as n → ∞ to either a nonsimply connected, properly embedded minimal surface L(∞) ⊂ R 3 of genus zero or to a minimal parking garage structure in R 3 with two oppositely oriented columns. By the classification of genus zero properly embedded minimal surfaces in R 3 [10, 17, 28] , the surface L(∞) is either a catenoid or a Riemann minimal example if it occurs.
We first consider the case where the limit object of { L(n)} n is a catenoid L(∞). Let Π be the plane in R 3 that intersects L(∞) orthogonally along its waist circle Γ. Let Γ n ⊂ L(n) ∩ Π be nearby simple closed planar curves in L(n) for n large and let γ n = p n + 1 λn Γ n be the related simple closed planar curves in L(n). In particular, the sequence of simple closed curves γ n ⊂ L(n) near p n have lengths converging to zero as n → ∞, and when viewed to be sets, these curves converge to the origin 0. Note that by the convex hull property, the curves γ n are not homologous to zero in L 1 (ε).
As L 1 (ε) has genus zero and the γ n are not homologous to zero, then γ n separates L 1 (ε) into two subdomains. Since {0 < x 3 ≤ ε} is simply connected and L 1 (ε) is properly embedded in {0 < x 3 ≤ ε}, then L 1 (ε) separates {0 < x 3 ≤ ε} into two components. Let X n be the closure of a component of {0 < x 3 ≤ ε} − L 1 (ε) in which γ n fails to bound a disk; after extracting a subsequence, we can assume that X = X n does not depend upon n. Our previous arguments using L 1 (ε) as a barrier (see e.g., the proof of Assertion 3.8) imply that γ n is contained in the boundary of a connected, area-minimizing, noncompact, orientable, properly embedded minimal surface Σ n ⊂ X (possibly incomplete, as X might not be complete) with the remainder of its boundary contained in ∂L 1 (ε). As L 1 (ε) has no singularities in {0 < x 3 ≤ ε}, then Σ n is a surface with boundary in ∂L 1 (ε) ∪ γ n and it is complete in R 3 outside of the closed countable set {x 3 = 0} ∩ S. Since Σ n is stable, then Corollary 2.5 insures that Σ n extends to a complete, orientable, stable minimal surface Σ n ⊂ {0 ≤ x 3 ≤ ε}) with boundary in ∂L 1 (ε) ∪ γ n . By the maximum principle, Σ n is disjoint from P = {x 3 = 0} and so Σ n = Σ n . By curvature estimates for stable minimal surfaces, the second fundamental form of Σ n is bounded in a fixed sized neighborhood V n (P ) of P (size depending on n), which implies that Σ n is proper in R 3 (properness of Σ n follows from an application of Lemma 1.4 in [32] to each component of the intersection of Σ n with a sufficiently small fixed size neighborhood of P contained in V n (P )). Therefore, Σ n is a parabolic surface by Theorem 3.1 in [11] . Now fix a point p 0 ∈ ∂L 1 (ε) ∩ {x 3 = ε}. The curve γ n separates L 1 (ε) into two components and let L 1 (n, ε) be the component containing p 0 . Note that for some regular value η ∈ (0, ε) of x 3 | L 1 (ε) so that ε − η is sufficiently small, the component L 1 (n, ε, η) of L 1 (n, ε) ∩ {x 3 ≤ η} that contains γ n must contain a boundary component ∂ ⊂ L 1 (n, ε) ∩ {x 3 = η} intrinsically close to p 0 and ∂ does not depend on n.
Suppose for the moment that
Under the above hypothesis, L 1 (n, ε, η) is properly embedded in R 3 and then Theorem 3.1 in [11] implies that L 1 (n, ε, η) is a parabolic surface. Since L 1 (n, ε, η) is parabolic, the arguments in the proof of Claim 4.19 in [23] show that the scalar flux of the intrinsic gradient ∇x 3 of x 3 on L 1 (n, ε, η) across γ n ⊂ ∂L 1 (n, ε, η), given by
where ν is the inward pointing conormal to L 1 (n, ε, η) along its boundary, is bounded from below by the positive number
But this conclusion is impossible since the lengths of γ n are converging to zero as n → ∞. Thus to find the desired contradiction in the case that (E2-A) holds with the limit object of { L(n)} n being a catenoid, it remains to show that (7) holds for n sufficiently large. Next note that as the stable minimal surface Σ n is parabolic, then
Inequality (8) implies that the ends of the catenoid L(∞) are horizontal. Also, since Σ n is parabolic and the scalar flux of the intrinsic gradient ∇ Σn x 3 across γ n ⊂ ∂Σ n is converging to zero as n → ∞, then similar reasoning as in the previous paragraph implies that the scalar flux of ∇ Σn x 3 across Σ n ∩ {x 3 = η} is converging to zero as n → ∞. By curvature estimates for the stable minimal surface Σ n , we conclude:
(G0) The spherical image of the Gauss map of Σ n along Σ n ∩ {x 3 = η} is contained in arbitrarily small neighborhoods of the north or south pole of S 2 (1) for n sufficiently large.
Arguing similarly with fluxes also we deduce that there exists a positive constant C depending only on curvature estimates for stable minimal surfaces such that for any point of Σ n of intrinsic distance greater than C·Length(γ n ) from ∂Σ n , the normal line to Σ n must make an angle of less than π 4 with the horizontal. Let X(∞) be the nonsimply connected component of R 3 − L(∞), and let X(n) ⊂ B(p n , ε n ) be the related solid annular regions defined by the condition
By letting ε n converge to zero sufficiently quickly and after replacing by a subsequence, we can also assume that the domains λ n [∂X(n) − p n ] ∩ B(n) are annuli that can be expressed as normal graphs over their projections to L(∞) with the C 1 -norm of the graphing functions less than 1 n and so that λ n ε n = n.
Curvature estimates for the stable minimal surface Σ n and the flat horizontal asymptotic geometry of the catenoid L(∞) imply there is a constant R > 1 such that, for n sufficiently large, the components of Σ n ∩ B(p n , n 2λn ) − B(p n , R λn ) are graphs over their orthogonal projections to the (x 1 , x 2 )-plane. Since these graphs are part of Σ n which is an area-minimizing surface in X(n), then there is only one such graph for n sufficiently large. Note that by picking R sufficiently large, the graph Σ n ∩ B(p n , n 2λn ) − B(p n , R λn ) can be assumed to have arbitrarily small gradient. There exists a connected compact neighborhood U (γ n ) of γ n in Σ n ∩ B(p n , ε n ) with two boundary components, γ n , α n , such that the component Ω n of Σ n − [U (γ n ) ∪ {η ≤ x 3 ≤ ε}] with boundary curve α n := ∂Ω n ∩ ∂U (γ n ) satisfies: (G1) α n can be chosen so that it corresponds to the inner boundary component of the annular graph Σ n ∩ B(p n ,
(G2) After choosing R sufficiently large, then the Gauss map G n of Ω n along α n is almost constant and equal to the vertical normal vector of one of the ends of L(∞).
Σ n is very horizontal here graphical Figure 5 : The graphical piece Ω n inside the stable surface Σ n together with a disk T n (not represented in the figure) produce a piecewise smooth graph Y n that separates the slab {0 ≤ x 3 ≤ η}, leaving the surface L 1 (n, ε, η) above Y n .
(G3) For n sufficiently large, the intrinsic distance function d Σn (·, ∂Σ n ) restricted to Ω n is greater than C·Length(γ n ). In particular, the normal line to Ω n must make an angle of less than
with the horizontal.
Properties (G0) and (G2) together with the stability of Ω n imply that G n (Ω n ) can be assumed to be contained in an arbitrarily small neighborhood of the north or south pole in S 2 (1), for n sufficiently large. In particular, the orthogonal projection from Ω n to P is a proper submersion for n large, and its restriction to each boundary component of Ω n is injective. In this situation, one can apply Lemma 1.4 in [32] to deduce that for n sufficiently large, Ω n is a graph over its projection to P whose gradient has norm at most 1.
We next prove that for n sufficiently large, the curve α n is the boundary of a small almosthorizontal disk T n ⊂ B(p n , ε n ) that intersects L 1 (n, ε, η) only along γ n . The construction of this disk is clear from Figure 5 if, for n sufficiently large,
would contain a compact component Λ n , disjoint from the annulus ∂X(n), with its boundary in S 2 (p n , ε n ) and which intersects B(p n , R λn ). Then Λ n could be used as a barrier to construct a compact stable minimal surface Λ n in B(p n , ε n ) − L 1 with boundary in S 2 (p n , ε n ) that intersects B(p n , R λn ). By fixing R and letting n → ∞, the stable minimal surfaces Λ n can then be used to prove that the limit catenoid L(∞) lies on one side of a complete stable minimal surface that is a plane, which is impossible. This shows that T n exists.
The union Y n of Ω n with T n is a graph over its projection to P and Y n separates the slab {0 ≤ x 3 ≤ η} into two components, one of whose closures contains the surface L 1 (n, ε, η). Since a subsequence of the graphs Ω n converges to a minimal graph G contained in {0 ≤ x 3 ≤ ε − η} that has 0 in its closure, then G ∪ { 0} is a smooth minimal surface, possibly with boundary. By the maximum principle for minimal surfaces, it now follows that the graphs Y n converge as n → ∞ to the entire plane P . Hence, for n sufficiently large, the boundary component ∂ of L 1 (n, ε, η) must lie in the region above the graph Y n . This implies that the surface L 1 (n, ε, η) is properly embedded in R 3 since it lies above the proper graph Y n (recall that L 1 is proper in {0 < x 3 ≤ ε}) Hence by Theorem 3.1 in [11] , L 1 (n, ε, η) is a parabolic surface and x 3 | L 1 (n,ε,η) ≥ min(x 3 | γn ). This completes the proof that (7) holds.
The above arguments show that the limit object L(∞) of the surfaces L(n) defined in (F3.3) is not a catenoid. Thus, either the limit object is a Riemann minimal example or a minimal parking garage structure of R 3 with two oppositely oriented columns. In either of these cases, there exist homotopically nontrivial closed curves τ n ⊂ L(n) converging to 0 with lengths converging to zero that play the role of the waist curves γ n of the forming catenoids in the previously considered case. In the case that the limit object is a Riemann minimal example, then the τ n correspond to a circle of the limit Riemann minimal example and in the case that the limit object is a minimal parking garage structure, then the τ n correspond to "connection loops" as described in item (B) of Proposition 4.20 in [23] . Using the closed curves τ n in place of the curves γ n , the arguments in the case where L(∞) was a catenoid can be adapted in a straightforward manner to obtain a contradiction. Thus, Case (E2-A) does not occur at any isolated point in S .
(E2-B) SUPPOSE THAT THERE IS
The contradiction in this case will be found after the application of the already proven parts of Theorem 1.4 to an appropriate sequence of homothetic expansions of L 1 (ε) from the origin. Since S ∩ B(2δ) = { 0}, we can apply Theorem 2.4 to the minimal lamination
of B(δ) − { 0} to conclude that there exists a sequence of points {p n } n ⊂ L 1 (ε) converging to 0 such that |K L 1 |(p n )|p n | 2 ≥ n for all n. Consider the sequence of embedded minimal surfaces with boundary
all of which have genus zero. Note that the boundary of L (n) lies in the horizontal plane at height ε/|p n | → ∞ and that by our hypothesis in (E2-B), the injectivity radius function
Given p ∈ R 3 and τ > 0, consider the conical region
with vertex p and opening angle α with respect to the positive x 3 -axis such that cot α = τ . A consequence of the scale invariant lower bound (9) for I L (n) together with the intrinsic version of the one-sided curvature estimate by Colding-Minicozzi (Corollary 0.8 in [8] ) is that (H) Given a > 0 small, there exists τ > 0 such that for every r > 0,
has bounded Gaussian curvature on compact sets, with the bound independent of n, and for n sufficiently large, the components in this set consist of graphs and multivalued graphs over their projections to the (x 1 , x 2 )-plane P , with the norms of the gradients of the graphing functions being less than a.
In particular, the points pn |pn| lie in S 2 (1) ∩ C + ( 0, τ ) for n sufficiently large. Another consequence of (9) is that the sequence { L (n)} n has locally positive injectivity radius in the open set B = R 3 − { 0}. Also observe that 0 lies in the closure of L (n) for all n. Applying the already proven conclusions of Theorem 1.4 before the list of items 1, . . . , 7 to the closed countable set W = { 0} and to the sequence of minimal surfaces { L (n)} n , we conclude that there exists a (possibly empty) closed subset S B of R 3 − { 0} and a (regular) minimal lamination L of
(H1) After passing to a subsequence (denoted in the same way),
(H2) The closure of L relative to B has the structure of a possibly singular minimal lamination of B with related regular lamination L and singular set S B .
(H3) The closure L of L in R 3 has the structure of a possibly singular minimal lamination of R 3 , whose singular set S satisfies S ⊂ S B ∪ { 0}.
Clearly, L, S B and S are contained in {x 3 ≥ 0}. Since by construction the curvatures of the surfaces L (n) are unbounded on
By property (H) above, we deduce that S B ∪ S( L) lies in C + ( 0, τ ). As the absolute Gaussian curvature of the L (n) at pn |pn| is at least n, we also deduce that S B ∪ S( L) intersects S 2 (1) at some point x 0 ∈ C + ( 0, τ ). Proof. Observe that we cannot apply item 7 of Theorem 1.4 since it has not been proved yet.
Instead, we argue as follows. Suppose for the moment that L does not contain nonflat leaves. Then, the leaves of L are horizontal planes and S = S B = Ø. Since x 0 ∈ [S B ∪S( L)]∩S 2 (1) and the sequence { L (n)} n ⊂ {x 3 > 0} is locally simply connected in R 3 − { 0}, then it follows from Corollary 0.8 in [8] and from Meeks' C 1,1 -regularity theorem [18] that S( L) = {(0, 0, x 3 ) | x 3 > 0}. Thus, in order to finish the proof of Claim 3.12 we will suppose that L contains a nonflat leaf L and we will find a contradiction.
By definition of leaf of a singular lamination, we can decompose
a leaf of the regular lamination L and S L 1 is the set of singular leaf points of L 1 . Note that L 1 is not flat, and so the convergence of portions of the L (n) to L 1 is of multiplicity one (see item 5 of Theorem 1.4). As the L (n) have genus zero, then the same holds for L 1 . Since x 0 ∈ S B ∪ S( L), then item 4 of Theorem 1.4 implies that there passes a plane P x 0 through x 0 , such that P x 0 is a leaf of L. Recall that we have also proven item 6 of Theorem 1.4 except for the property of L 1 (ε ) = L 1 ∩ {0 < x 3 ≤ ε } having infinite genus for every ε > 0 when L 1 has a singularity in the (x 1 , x 2 )-plane. Consider the closure L of L in R 3 , which has the structure of a possibly singular minimal lamination. As by construction L is contained in {x 3 ≥ 0}, then the already proven part of item 6 of Theorem 1.4 applies to L and gives that L is contained in a closed slab or halfspace of R 3 , which must be contained in {x 3 ≥ 0}. Therefore, there exists a collection P(L ) ⊂ L consisting of one or two planes contained in In the case that y = 0, then 0 cannot be a singular leaf point of L 1 by Corollary 2.7; hence L 1 limits to P and we can take P as the desired plane in L passing through y.
(J2) Let P be a horizontal plane contained in L such that x 3 (P ) > 0. Then, P ∩ S B ∪ Sing(L ) = P ∩ S B is a discrete set by the locally simply connected property of L (n) in {x 3 > 0}, and hence it is a finite set (since P ∩ S B lies in C + ( 0, τ )). Actually, P ∩ S B consists of at most two points: this follows from a straightforward adaptation of the connecting loop argument in the proof of Lemma 3.3 in [23] using that L 1 has genus zero.
(J3) There are no singularities of L in {x 3 = 0} − { 0}, by property (H).
From properties (J1), (J2) and (J3) we conclude that:
(J5) Either P = {x 3 = 0} is the lower boundary plane of C(L ), in which case Sing(L ) consists of at most three points, or P lies strictly below the planes in P(L ), in which case Sing(L ) consists of at most four points.
Let P be a plane in P(L ) with positive height, which exists because P x 0 exists. The final contradiction that will finish the proof of Claim 3.12 will be a consequence of the following three contradictory properties: (K1) L has at most one singularity on P .
(K2) L cannot have exactly one singularity on P .
(K3) L has at least one singularity on P .
We now prove (K1) by contradiction: assume that L has two singularities occurring at distinct points q 1 , q 2 in a plane P ∈ P(L ) at positive height. As the injectivity radius functions of the surfaces L (n) are uniformly bounded away from zero nearby q 1 , q 2 by (9), then the description in (D2) gives that L has the appearance around the point q i , i = 1, 2, of a disk with the geometry of a spiraling double staircase that limits from above or below to a disk in P centered at the singularity q i . The same type of connecting loop argument mentioned in (J2) above together with the fact that the surfaces L (n) have genus zero imply that the spiraling double staircases at q 1 , q 2 are oppositely handed. Furthermore, we can modify slightly the flux-type arguments in the proof of Proposition 4.18 in [23] to find a contradiction in this case; roughly speaking, these arguments use connecting loops Γ n ⊂ L (n) that converge as n → ∞ to the twice covered horizontal segment that joins q 1 to q 2 , and lead to a contradiction to the fact that the absolute value of the scalar flux of ∇x 3 along the curves Γ n tends to zero as n → ∞. This proves (K1).
To prove property (K2), suppose that L has exactly one singularity p at a plane P ∈ P(L ) at positive height. Suppose for the moment that P is the lower boundary plane of C(L ). Observe that as x 3 (P ) > 0, then there exists a positive constant c such that for every point x = (x 1 , x 2 , x 3 ) ∈ C(L ), it holds |x| ≥ c |x − p| (observe that this inequality uses that the distance from x to the origin is greater than some positive number). This inequality and (9) 
for c 1 = c · c > 0. Given τ > 0, consider a sufficiently shallow conical region C + (p, τ ) defined in (10) so that the singularities of L above P , if they exist, lie in C + (p, 2τ ) (recall we have at most two of these singularities, both at the same horizontal plane P strictly above P ). It is straightforward to deduce that there exists a = a(τ ) ∈ (0, 1) such that
where by convention x 3 (P ) = +∞ if P does not exist. Clearly, we can assume c 1 ∈ (0, a) (because inequality (11) stays true if we choose a smaller positive constant c 1 ). We claim that the injectivity radius function of L 1 admits a scale invariant bound of the form
for some c 2 > 0. The proof of (13) is by contradiction: suppose on the contrary that
where ( ) holds for n sufficiently large. Inequality (14) ensures that the intrinsic metric ball
, the exponential map in L (n) with base point x k,n restricts as a diffeomorphism to the disk of radius
2 |x k − p|) are contained for n sufficiently large in the extrinsic ball B(x k , c 1 |x k − p|), and this extrinsic ball does not contain points of Sing(L ) by (12) (recall that 0 < c 1 < a). The continuity of the injectivity radius function under smooth limits (Erlich [12] and Sakai [36] ) implies that I L 1 (x k ) ≥ c 1 2 |x k − p|, which contradicts our hypothesis. This proves our claimed inequality (13) for some c 2 > 0.
Observe that as the surfaces L (n) are locally simply connected away from { 0}, then the description (D)-(D2) applies. In particular, L 1 contains a main component locally around p, whose intersection with x −1 3 (x 3 (P ), x 3 (P ))−C + (p, τ 1 ) is a pair of ∞-valued graphs over its projection to the punctured plane P − {p}, for some τ 1 ∈ (0, τ ). These two ∞-valued graphs can be connected by curves of uniformly bounded length arbitrarily close to p, by the local description (D2). The scale invariant lower bound (13) for I L 1 is sufficient to apply the arguments in page 45 of Colding and Minicozzi [9] . The existence of such ∞-valued graphs over the punctured plane P − {p} contradicts Corollary 1.2 in [2] , thereby finishing the proof of property (K2) in the particular case that P is the lower boundary plane of C(L ). If P is the upper boundary plane of C(L ) and the lower boundary plane of C(L ) is not P = {x 3 = 0}, then the same reasoning holds after reflecting in P (because |x| ≥ c |x − p| still holds in this case for some c > 0 and for all x ∈ C(L )). Finally, if P is the upper boundary plane of C(L) and its lower boundary plane is P , then |x| ≥ c |x − p| holds for each point in C(L ) − C + (p, τ ) where δ is chosen so that 0 ∈ C + (p, 2τ ) (in other words, with 0 playing the role of the singularities of L above P of the previous case); therefore, in this last case the arguments above also hold after reflecting in P . This finishes the proof of property (K2).
To demonstrate property (K3), suppose that L has no singularities in P . Then, the curvature of L in a neighborhood of P is bounded (because the singular set of L is disjoint from P and the injectivity radius function of L is bounded away from zero in a neighborhood of P , as follows from (9) and from the continuity of the injectivity radius function under smooth limits [12, 36] , so the one-sided curvature estimates of Colding and Minicozzi apply). In this situation, Lemma 1.4 in [32] together with the proof of the halfspace theorem produce a contradiction, which proves (K3). Now Claim 3.12 follows.
2 Claim 3.13 Given {λ n } n ⊂ (1, ∞) with λ n → ∞ as n → ∞, the sequence {λ n L 1 (ε)} n converges to the foliation of the closed upper halfspace of R 3 − { 0} by horizontal planes, and the singular set of convergence of {λ n L 1 (ε)} n is the positive x 3 -axis.
Proof. Assume that τ, δ > 0 are chosen sufficiently small so that the tangent planes to points of L 1 make an angle of less than π 4 with the horizontal at points of
this is possible by the intrinsic one-sided curvature estimates in [8] and our assumption (E2-B). Furthermore, these one-sided curvature estimates and the fact that L 1 (ε) is proper in the {0 < x 3 ≤ ε} imply that for any r ∈ (0, δ 2 ) fixed and for β > 0 sufficiently small, each point in the set
lies on a component of α r (β) that is either a graph over the circle C(r) = P ∩ {x 2 1 + x 2 2 = r 2 } or an infinite spiraling "graphical" arc, limiting from above to C(r). Recall that we chose points p n ∈ L 1 (ε) that converge to 0 and that are blow-up points on the scale of curvature, around which one has a Colding-Minicozzi picture with a pair of multigraphs that extends sideways by Claim 3.12, for n large, all the way to the cylinder {x 2 1 + x 2 2 = r 2 } for any r ∈ (0, δ 2 ) fixed. Therefore, we deduce that for δ > 0 sufficiently small and for any r ∈ (0, δ 2 ) fixed, we have that
contains a pair of spiraling "graphical" arcs, each one limiting from above to the circle C(r). We first show that for r > 0 sufficiently small, every component of L 1 (ε) ∩ B(2r) is simply connected. Otherwise for every m ∈ N sufficiently large, there exists a simple closed curve Γ m ⊂ L 1 (ε) ∩ B(1/m) that separates L 1 (ε), Γ m is homologically nontrivial at one of the sides of L 1 (ε) and Γ m bounds a complete, noncompact, embedded, stable minimal surface F m ⊂ {0 < x 3 ≤ ε}, which is properly embedded in the closure of a component of
We now prove Claim 3.13 by contradiction. Suppose that for some sequence λ n → ∞, a subsequence of {λ n L 1 (ε)} n does not converge to the foliation of {x 3 ≥ 0} − { 0} by horizontal planes. Observe that the sequence λ n L 1 (ε) has locally positive injectivity radius in R 3 − { 0}, as we are assuming I L 1 ≥ c | · | in this case (E2-B). Also observe that 0 lies in the closure of λ n L 1 (ε) for all n. Applying the already proven conclusions of Theorem 1.4 before the list of items 1,...,7 to the closed countable set W = { 0} and to the sequence of minimal surfaces {λ n L 1 (ε)} n , we conclude that there exists a (possibly empty) closed subset S of R 3 − { 0} and a (regular) minimal lamination L of R 3 − [{ 0} ∪ S ] such that after passing to a subsequence (denoted in the same way),
is the singular set of convergence of the λ n L 1 (ε) to L . The arguments in the proof of Claim 3.12 can be adapted to demonstrate that there are no points of S ∪ S( L ) in {x 3 > 0}, and thus, L consists of P − { 0} together with a single leaf L , which is a smooth, nonflat surface that is proper in {x 3 > 0}. Furthermore, the multiplicity of the convergence of {λ n L 1 (ε)} to L is one, as L is not flat. Since every component of L 1 (ε) ∩ B(2r) is simply connected for r > 0 sufficiently small, a standard lifting argument and the convex hull property imply that L is simply connected.
As L does not extend through the origin, then Theorem 2.4 produces a sequence of points q n ∈ L such that q n → 0 and |K L |(q n )|q n | 2 → ∞ as n → ∞. Without loss of generality, we can assume that the q n are points of almost-maximal Gaussian curvature, in the sense of Theorem 1.1 in [30] : in particular, the sequence of translated and rescaled surfaces µ n (L − q n ) converges (after passing to a subsequence) to a helicoid, where µ n = 1/ |K L |(q n ). This limit helicoid is vertical, since the scaled surfaces 1 |qn| L converge to the foliation of {x 3 ≥ 0} − { 0} by horizontal planes, as follows from Claim 3.12 adapted to this situation. This implies that nearby q n , L has a point y n where the tangent plane T yn L is vertical and the intersection L ∩ (T yn L ) ∩ B(2) contains an analytic arc β n that is arbitrarily close (for n sufficiently large) in the C 1 norm to the straight (2), and so we may assume that β n has length less than 5. Also, note that the arcs β n converge after passing to a subsequence to a straight line segment of length 4 passing through the origin, and that for n large enough,
7 By curvature estimates, Fm is very flat nearby {x = r} contains an almost-horizontal circle, or it contains an almost-horizontal long spiraling arc. This last possibility can be ruled out as Fm has been constructed by a standard procedure as a limit of area-minimizing surfaces, which cannot have this multigraph appearance.
After replacing by a subsequence, we will assume that the last sentence holds for all n ∈ N.
Consider the arc Γ ⊂ L consisting of β 1 together with the two infinitely spiraling arcs in L ∩ {(x 1 , x 2 , x 3 ) | x 2 1 + x 2 2 = 1} with the same end points as β 1 and which limit to the circle {x 2 1 + x 2 2 = 1} ⊂ P . Observe that Γ is a proper arc in L , and since L is simply connected, then Γ separates L into two components. Let D be the closure of the component of L − Γ that, near its boundary, lies in {(x 1 , x 2 , x 3 ) | x 2 1 + x 2 2 ≤ 1}. Note that D is topologically a disk with one end (the boundary ∂D is a Jordan arc). For every n ≥ 2, let D n be the compact subdisk of D bounded by β 1 ∪ β n . Thus, {D n } n≥2 is a compact increasing exhaustion of D. Assume for the moment that the following property (P) holds and we will finish the proof of Claim 3.13 (we will prove property (P) later).
We next prove that the diameter of D is finite. Let d D (·, ·) denote the Riemannian distance function in D. Arguing by contradiction, we can find sequences of points a n , b n ∈ D, such that d D (a n , b n ) becomes arbitrarily large. Since L − C + ( 0, τ ) consists of multivalued graphs with bounded gradient and the arcs β n have uniformly bounded lengths, then we can assume after replacement that a n , b n both lie in C + ( 0, τ ). Since {D n } n≥2 is a compact exhaustion of D and the diameter of each D n is finite, then we can assume, without loss of generality that after choosing a subsequence, b n ∈ D − D n and d D (a n , b n ) > n. Let σ n be a smooth arc in D with length less than d D (a n , b n ) + 1. We claim that the points a n can also be chosen to diverge in D. Otherwise we may assume that after replacing by a subsequence, for all n ∈ N, a n ∈ D j 0 for some
As n − diameter(D k+1 ) can be made arbitrarily large for some choices of k, n with n → ∞ and k ∈ [j 0 , n − 1], then we conclude that given k ∈ N, k ≥ 2, there is an
Clearly this shows that we may assume that the sequence a n can also be chosen to diverge in D. Hence, we now have that the sequences {a n } n and {b n } n are both diverging in D and as they lie in C + ( 0, δ), then in R 3 both sequences are converging to 0 as n → ∞. In particular, property (P) gives that for n large, both I L (a n ), I L (b n ) can be taken arbitrarily small. Since the extrinsic distance from a n to the boundary ∂D is greater than some positive number independent of n, then D contains geodesic arcs parameterized by arc length
starting respectively at a n , b n , with finite lengths L(γ an ) = I L (a n ), L(γ bn ) = I L (b n ) that can be both taken arbitrarily small for n large, and with limiting end points the origin. Fix n large and let m(n) be an integer such that a n , b n ∈ D(m(n)). As D(m(n)) is a compact minimal disk, then the Gauss-Bonnet formula ensures that both γ an , γ bn can be assumed to exit D(m(n)), which implies that these geodesic arcs must intersect β m(n) . As the length of β m(n) is not larger than 5, then there exists a piecewise smooth path ∆ n ⊂ D joining a n , b n with length not larger than 6 for n large (∆ n is a union of arcs in γ an , β m(n) , γ bn ). This is a contradiction, because the intrinsic distance in D from a n to b n was supposed to be arbitrarily large. Therefore, the diameter of D is finite.
The finiteness of the diameter of D insures that we can join the two multivalued graphs in L ∩ C + ( 0, δ) by curves of uniformly bounded lengths, which contradicts Corollary 1.2 in [2] (specifically see the paragraph just after Corollary 1.2 in [2] ). This contradiction finishes the proof of Claim 3.13, modulo proving property (P), which we demonstrate next.
First note that L is not complete (otherwise it would be proper by [8] hence it could not be contained in a halfspace by the halfspace theorem). Therefore, the injectivity radius function I L is finite valued and continuous on L . Arguing by contradiction, suppose that I L (z n )/|z n | tends to infinity at a sequence of points z n ∈ D. By continuity of I L /| · |, the points z n must leave every compact subset of D. This property and the properness of L in {x 3 > 0} imply that after passing to a subsequence, the z n converge in R 3 to a point z ∞ ∈ P , |z ∞ | ≤ 1.
Suppose that z ∞ = 0. Therefore, I L (z n ) → ∞ as n → ∞. By Corollary 0.8 in [8] , we can find disks in L centered at z n of intrinsic radius arbitrarily large, such that the second fundamental form of such disks is arbitrarily small (for n sufficiently large). This is impossible, as such disks would intersect the spiraling curves in
|zn| z n tends to infinity as n → ∞. As in the previous case, there exist disks in L n centered at 1 |zn| z n of intrinsic radius arbitrarily large, such that the second fundamental form of such disks is arbitrarily small (for n sufficiently large). This is again impossible, because such disks would intersect the multivalued graphs in L n − C + ( 0, τ ) for n large. Now Claim 3.13 is proved.
We next apply Claim 3.13 to find a contradiction in Case (E2-B), that in turn will imply that the genus of L 1 (ε) is infinite (finishing the proof of Assertion 3.11). From Claim 3.13 we deduce that for any r > 0 sufficiently small, L 1 (ε) ∩ B(r) has the appearance of a spiraling double staircase limiting from above to the closed horizontal disk B(r) ∩ P minus its center.
Since L 1 (ε) is proper in {0 < x 3 ≤ ε}, we conclude from the last paragraph that given k isolated points q 1 , q 2 , ..., q k in the singular set S ⊂ {x 3 = 0} of the lamination L 1 (ε), there exist pairwise disjoint disks D (q 1 , δ 1 ) , . . . , D(q k , δ k ) ⊂ {x 3 = 0} such that each of the vertical cylinders ∂D(q j , δ j ) × (0, ε] intersects L 1 (ε) in two spiraling curves that limit to the horizontal circle ∂D(q j , δ j )×{0}. As L 1 (ε) has finite genus, then the proof of Lemma 3.3 in [23] implies that there exist at most two of these isolated singular points of S , which in turn implies that S contains at most two points (since S is closed and countable, the subset of its isolated points is dense in S by Baire's Theorem), and that if S consists of exactly two points, then we find a contradiction with the flux-type arguments along connecting loops as in the proof of Proposition 4.18 in [23] (also see the proof of property (K1) above). Hence, S consists of a unique point, and in this case we find a contradiction as in the last paragraph of the proof of property (K2). This contradiction proves that the genus of L 1 (ε) is infinite provided that Case (E2-B) holds, thereby finishing the proof of Assertion 3.11, which in turn demonstrates Proposition 3.5.
In the remainder of this section, we will assume that the surfaces M n that appear in the statement of Theorem 1.4 have uniformly bounded genus and S ∪ S(L) = Ø; our goal will be to prove the following statement, which will finish the proof of Theorem 1.4. Proposition 3.14 Item 7 of Theorem 1.4 holds.
Proof. Suppose that the surfaces M n have uniformly bounded genus and S ∪ S(L) = Ø. As before, we will organize the proof in assertions.
Assertion 3.15 Through every point p ∈ S ∪ S(L), there passes a plane of P (in particular, P = Ø).
Proof. Fix a point p ∈ S ∪ S(L)
. By item 4 of Theorem 1.4, the assertion holds if p ∈ S A ∪ S(L); hence in the sequel we will assume that p ∈ S ∩ W . We will discuss two possibilities for p, depending on whether or not p is isolated in S ∩ W . (L2) Assume that p ∈ S ∩ W is not an isolated point of S ∩ W . Since S ∩ W is a countable closed set of R 3 , then p must be a limit of isolated points p k ∈ S ∩ W . By (L1), there pass planes in P through the points p k , k ∈ N. Our assertion holds in this case by taking limits of these planes. This finishes the proof of Assertion 3.15. 
and L 1 has infinite genus. But since the convergence of portions of the M n to L 1 has multiplicity one (otherwise L 1 and L would be flat), then we conclude L 1 has finite genus. This contradiction finishes the proof of the assertion. 2
We now prove item 7.2 of Theorem 1.4. By Assertion 3.16 we have L = P, which implies that S = Ø. Since by hypothesis S ∪ S(L) = Ø, it follows that S(L) = Ø. Assertion 3.17 Let P ∈ P be a plane such that P ∩ S(L) = Ø (note that P exists by item 4 of Theorem 1.4). Then, P ∩ S(L) contains at most two points, and if P ∩ S(L) = {p 1 , p 2 }, then the two multivalued graphs occurring inside the surfaces M n near p 1 , p 2 are oppositely handed.
Proof. Description (D1) implies that P ∩ S(L) is discrete in P − W . Reasoning by contradiction, suppose that P ∩ S(L) contains three isolated points p 1 , p 2 , p 3 . Let Γ ⊂ P − W be a smooth, embedded compact arc joining p 1 to p 2 and disjoint from S(L) − {p 1 , p 2 }. Note that the corresponding two multivalued graphs forming in the surfaces M n around the points p 1 , p 2 are oppositely handed (otherwise, for n large in a fixed size small neighborhood of Γ in R 3 − W , the surfaces M n would have unbounded genus, see for example the proof of Lemma 3.3 in [23] and also see the proof of property (K1) above). Using an analogous local picture of the M n near p 3 , one sees that the handedness of the multivalued graph in M n near p 3 must be opposite to the handedness of the multivalued graph in M n near p 1 and near p 2 , which is impossible since they have opposite handedness. Hence the assertion follows. Proof. Consider a point p ∈ S(L). By the local description (D1), it follows that locally around p, the set S(L) is a C 1,1 arc Γ p that is orthogonal to a local foliation of disks contained in planes of P. Thus Γ p is an open straight line segment orthogonal to the planes in P. Consider the collection P(Γ p ) of planes in P that intersect
, and the previous arguments show that there exists a related open line segment Γ q ⊂ S(L) passing through q. Γ q is clearly parallel to (and disjoint from) Γ p . Note that we do not require any maximality on Γ p or Γ q as line segments contained in S(L) passing respectively through p or q. Choose a plane P ∈ P so that it intersects both Γ p and Γ q and P is disjoint from W , which is possible since W is countable. By Assertion 3.17, P ∩ S(L) contains exactly two points, one in each segment Γ p , Γ q . Thus, there is a related limiting minimal parking garage structure F in some ε-neighborhood of P (see the first paragraph just after the statement of Theorem 1.4 for an explanation of this limiting parking garage structure). Also, Assertion 3.17 gives that the two multivalued graphs forming in M n near these two points are oppositely handed. Assertion 3.18 now follows. . By Assertion 3.17, every horizontal plane in P intersects S(L) in at most two points. We now consider two cases, depending upon whether or not some plane P ∈ P intersects S(L) in exactly two points.
(M1) Suppose that some plane P ∈ P intersects S(L) in exactly two points. By the proof of item 7.2 of Theorem 1.4 and after replacing P by another plane, we may assume that there exists an open slab Y containing P , which is foliated by planes in P, and Y .
Note that X is either an open slab in ∆(Y ), an open horizontal halfspace or R 3 . Furthermore, X intersects S(L) in exactly two connected components, which are either vertical segments, rays or lines with boundary end points in ∂X, depending on whether or not X is a slab, a halfspace or R 3 . Our goal to prove Assertion 3.19 in this case (M1) is to show that X = R 3 .
Suppose X = R 3 and we will find a contradiction. Since X = R 3 , we may assume without loss of generality the following properties:
(M1.1) ∂X contains P 0 = {x 3 = 0} as one of its boundary planes and X lies below P 0 .
(M1.2) X intersects S(L) in exactly two connected vertical line segments or rays that have end points p 1 , p 2 ∈ P 0 . One of these two points, say p 1 , does not lie in the interior of a line segment in S(L) (this fact follows from the maximality of X). Note that this implies that either p 1 is isolated as an end point of a maximal segment in S(L) (see Figure 6 -Up), or there exists a sequence of maximal segments in S(L) with end points converging to p 1 (Figure 6 -Down).
We also denote by δC(i, ε, k) = ∂D(p i , ε) × [−k, k] the side of this cylinder. For a generic fixed small value of ε > 0, we have
is disjoint for all n ∈ N from the compact countable set
where Π is the orthogonal projection to P 0 ; hence, for such a value of ε, ∂D(p 1 , ε) ∪ ∂D(p 2 , ε) is at least a positive distance from the compact set A(ε, k).
Since for each k ∈ N, δC(1, ε, k) ∪ δC(2, ε, k) is also at a positive distance from the closed set W ∪ S(L), then the compact surfaces M n converge C 1 as n → ∞ to a subset of the collection of horizontal planes P near the compact set δC(1, ε, k) ∪ δC(2, ε, k). Also recall that the M n converge below P 0 to a limiting minimal parking garage structure and so, for i = 1, 2 fixed and for n large enough depending on k, M n ∩ δC(i, ε, k) contains a pair of pairwise disjoint, long, almost-horizontal, embedded spiral arcs α k 1 (i, n), α k 2 (i, n), each of which joins a point in the bottom boundary circle of δC(i, ε, k) to another point in its top boundary circle, and both α k 1 (i, n), α k 2 (i, n) rotate together around δC(i, ε, k). Furthermore, the Gauss map of M n along α k 1 (i, n) is arbitrarily close to the north pole of the sphere (for n large) and to the south pole along α k 2 (i, n). Since these spiral arcs intersect every horizontal plane of height between −k and k, then we deduce that the slab {−k ≤ x 3 ≤ k} is foliated by planes in P. By letting k vary, we deduce that P is a foliation of R 3 by horizontal planes.
Fix an integer k ∈ N. We claim that every horizontal plane P t = P 0 + t (0, 0, 1), |t| < k, intersects W ∪ S(L) in at least one point of C(1, ε, k) and in at least one point of C(2, ε, k). If this intersection property does not hold for some P t with say C(1, ε, k), then since W ∪ S(L) is closed, the compact disk D t = P t ∩ C(1, ε, k) is at a positive distance from W ∪ S(L). Observe that there exists a sequence of minimal disks E(n, t) ⊂ C(1, ε, k) with ∂E(n, t) ⊂ δC(1, ε, k), that are vertical graphs over D t , converge C 2 to D t as n → ∞ and such that for n large, ∂E(n, t) intersects each of the arcs α k 1 (i, n), α k 2 (i, n) transversely in exactly one point (see the perturbation foliation argument in page 737 of [32] for the construction of the boundary curves ∂E(n, t), so that E(n, t) is found by solving the Plateau problem for these curves). After possibly replacing the graphs E(n, t) by sufficiently small vertical translations E(n, t) + (0, 0, t n ) with t n → 0, we may assume that E(n, t) intersects M n transversely in a compact 1-manifold whose boundary is contained in ∂M n ∪ [M n ∩ ∂E(n, t)]. Since points in the boundary curves of the surfaces M n diverge in R 3 or converge to points in W as n → ∞ and since for n sufficiently large, W ∪ S(L) is a positive distance from E(n, t), then also, for n sufficiently large, M n ∩ E(n, t) contains exactly one component with boundary and this component is a compact arc c n that joins points of the two long spirals α k 1 (i, n), α k 2 (i, n). The property of the Gauss map of M n along α k 1 (i, n)∪α k 2 (i, n) explained in the previous paragraph implies that the normal vector to M n at some point q n ∈ c n is horizontal. After extracting a subsequence, the points q n ∈ E(n, t) converge as n → ∞ to a point in [W ∪ S(L)] ∩ P t ∩ C(1, ε, k), which is a contradiction. Hence, our claim holds.
Since W is countable, our claim proved in the previous paragraph implies that every plane P t , with |t| < k, intersects S(L) in at least one point of C(1, ε, k) and in at least one point of C(2, ε, k). Since, for any k ∈ N, the generic 8 radii values ε of C(1, ε, k), C(2, ε, k) can be chosen arbitrarily small, it follows that S(L) contains every point in the two infinite vertical lines passing through the points p 1 , p 2 . By Assertion 3.17, S(L) is the union of the two infinite vertical lines passing through the points p 1 , p 2 , which proves item 7.3 of Theorem 1.4 holds in case (M1) holds (with two vertical lines for S(L)).
(M2) Suppose that every plane in P intersects S(L) in at most one point.
By item 7.2 of Theorem 1.4, either S(L) consists of a single vertical line (and we are done), or there exists a maximal segment in S(L) with some end point p. The arguments in the case of (M1) can be easily modified to prove that for every k ∈ N and every small generic 7 radius, the compact cylinder
at any height t with |t| < k, and thus, the infinite vertical line l p passing through p is contained in S(L).
Since the cases (M1) and (M2) are mutually exclusive, then S(L) = l p and P is the foliation of R 3 by horizontal planes.
This finishes the proofs of Assertion 3.19, of Proposition 3.14 and of Theorem 1.4. 4 The structure theorem for singular minimal laminations of R 3 with countable singular set.
We next state the following general structure theorem for possibly singular minimal laminations of R 3 whose singular set is countable. Theorem 4.1 below is useful in applications because of the following situation. Suppose that L is a nonplanar leaf of a minimal lamination L of R 3 − S, with S ⊂ R 3 being closed. In this case, its closure L has the structure of a possibly singular minimal lamination of R 3 , which under certain additional hypotheses, can be shown to have a countable singular set. If L has finite genus, then item 6 of the next theorem demonstrates that L is a smooth, properly embedded minimal surface in R 3 , L is the unique leaf of L and S = Ø. Suppose that L = L ∪ S is a possibly singular minimal lamination of R 3 with a countable set S of singularities. Then:
1. The set P of leaves in L that are planes forms a closed subset of R 3 .
3. If P is a plane in P − Lim(L), then there exists δ > 0 such that P (δ) ∩ L = P , where P (δ) is the δ-neighborhood of P . In particular,
4. Suppose p ∈ S − P ∈P P . Then for almost all ε > 0 sufficiently small, L(p, ε) = L ∩ B(p, ε) has the following description.
4.1. L(p, ε) consists of a finite number of leaves, each of which is a properly embedded smooth surface in B(p, ε) − S with compact boundary in S 2 (p, ε).
4.2.
All of the leaves of L(p, ε) lie on the same leaf of L.
4.3. Each point q ∈ B(p, ε) ∩ S represents the end of a unique leaf L q of L(p, ε), in the sense that there is a proper arc α : [0, 1) → L q with q = lim t→1 α(t). Furthermore, this end of L q has infinite genus (L q = L q may occur if q, q are distinct points in B(p, ε) ∩ S, for example this occurs if B(p, ε) ∩ S is infinite for all small ε > 0). In fact, if p is an isolated point of S, then ε can be chosen small enough so that L(p, ε) is contained in the leaf of L that contains L p , and L p has infinite genus and exactly one end.
where L 1 is the related leaf of L, and S L 1 is the set of singular leaf points of L 1 .
5. One of the following possibilities holds.
L is proper in R 3
, and L is the unique leaf of L.
5.2.
L is not proper in R 3 and P = Ø. In this case, the closure L of L in R 3 has the structure of a possibly singular minimal lamination of R 3 (with singular set contained in L ∩ S) and there exists a subcollection P(L) ⊂ P consisting of one or two planes,
Furthermore (see Figure 7 ):
a. Every open ε-neighborhood P (ε) of a plane P ∈ P(L) intersects L 1 in a connected surface with unbounded Gaussian curvature. b. If some open ε-neighborhood P (ε) of a plane P ∈ P(L) intersects L 1 in a surface with finite genus, then P (ε) is disjoint from the singular set of L. c. L 1 has infinite genus.
In particular, L is the disjoint union of its leaves, regardless of whether case 5.1 or 5.2 occurs.
6. If L 1 has finite genus, then L = L 1 is a smooth, properly embedded minimal surface in R 3 (thus L = L, L is the unique leaf of L and S = Ø).
As in the previous section, we will divide the proof of Theorem 4.1 into several lemmas. infinite genus,
unbounded, L 1 is proper in B(p 2 , ε) − S ε infinite genus in {0 < x 3 < ε} Proof. The proof of item 1 of Theorem 4.1 is the same as the one of item 1 of Theorem 1.4. As for the proof of item 2 of Theorem 4.1, the second paragraph of the proof of Lemma 3.1 can be applied without changes to show that if L = L 1 ∪ S L 1 is a limit leaf of L, then the two-sided cover of L 1 is stable. By items 1 and 2 of Corollary 2.5, L 1 extends across the countable set S to a plane. Hence, L is a plane itself. Since the limit of planes in Lim(L) is clearly a limit leaf of L, it follows that Lim(L) is closed in R 3 . These observations prove item 2 of Theorem 4.1. Next we prove item 3 of Theorem 4.1. The argument will be similar to that in the proof of Lemma 3.3. Let P be a plane in P − Lim(L). By item 2 of Theorem 4.1, we can choose δ > 0 such that the 2δ-neighborhood P (2δ) of P does not intersect ∪ P ∈P−{P } P . Suppose, arguing by contradiction, that the closed slab P (δ) intersects L in a portion of a leaf L of L different from P . Note that as a set, L ∩ P (δ) is proper in P (δ) (otherwise we produce a limit leaf of L in P (δ), hence a plane which cannot be P , as P / ∈ Lim(L)). Proposition 2.6 implies that L is disjoint from P . Now, a standard application of the proof of the halfspace theorem [16] ) using catenoid barriers still works in this setting to obtain a contradiction to the existence of L, thereby finishing the proof of Lemma 4.2. Proof. Take a point p ∈ S − P ∈P P . By item 1 of Theorem 4.1, we can choose ε > 0 small enough so that B(p, 3ε ) does not intersect P; hence B(p, 3ε ) does not intersect Lim(L) as well, by item 2 of Theorem 4.1. This last property implies that leaves of L are proper in B(p, 2ε ).
Consider a number ε ∈ (ε , 2ε ) such that the sphereS 2 (p, ε) is at a positive distance from S and is transverse to L. Therefore, S 2 (p, ε) intersects L in a finite number of smooth closed curves. Since every component of L(p, ε) = L ∩ B(p, ε) intersects S 2 (p, ε) (a leaf L 1 of L(p, ε) completely contained in B(p, ε) would contradict Proposition 2.6 applied to L 1 and to a plane passing through a point in L 1 at maximum distance from p), then we conclude that item 4.1 of Theorem 4.1 holds.
To prove item 4.2, note that as all of the components of L(p, ε) are proper as sets in B(p, ε)−S, then p is a singular leaf point of any leaf of L∩B(p, ε) that has p in its closure. By Proposition 2.6, only one of the components of L(p, ε), say C(p, ε), has p in its closure. Hence, we can reduce ε to ε 1 > 0 so that L(p, ε 1 ) ⊂ C(p, ε) and item 4.2 is proved.
Regarding item 4.3, its first statement follows from Proposition 2.6. Recall that if e is an end of a noncompact surface Σ and α : [0, 1) → Σ is a proper arc representing e, then e has infinite genus if every proper subdomain Ω ⊂ Σ with compact boundary that contains the end of α, has infinite genus. To prove the second statement in item 4.3 we argue by contradiction: take q ∈ B(p, ε) ∩ S and let Σ be the component of L(p, ε) that contains the point q. Suppose that α is a proper arc representing the end of Σ corresponding to q, such that Σ contains a proper subdomain Ω with finite genus and compact boundary, in such a way that the end of α is contained in Ω. Choose δ ∈ (0, ε) sufficiently small so that ∂Ω lies outside B(q, δ) ⊂ B(p, ε) and ∂B(q, δ) is transverse to Σ. Let Ω be the component of Ω ∩ B(q, δ) that contains the end of α. Since Ω is properly embedded in B(q, δ) − S, then the set of points Ω ∩ S is a nonempty closed countable subset of B(q, δ). Baire's Theorem implies that the set of isolated singularities in Ω ∩ S is dense in Ω ∩ S. But Corollary 2.7 applied around an isolated singularity of Ω ∩ S in B(q, δ) ∩ S gives a contradiction since Ω has finite genus. This contradiction completes the proof of the second statement in item 4.3. Finally, the last statement in item 4.3 is a consequence of the previously proved parts of this item. Now the lemma holds. Proof. Suppose that L = L 1 ∪ S L 1 is a leaf of L not contained in P (with the notation of Theorem 4.1). Following the reasoning in the proof of Proposition 3.5, we will distinguish two cases, depending on whether or not L is proper as a set in R 3 . If L is proper in R 3 , then the arguments in case (E1) of the proof of Proposition 3.5 are now valid and prove that item 5.1 of Theorem 4.1 holds. Now assume that L is not proper in R 3 , and we will deduce that item 5.2 of Theorem 4.1 holds. As before, we will only comment on how to adapt the arguments in (E2) of the proof of Proposition 3.5 to our current setting. The property that through every limit point of L there passes a plane in P (that is, Assertion 3.7) follows verbatim, with the only change of L 1 by L in the proof of Assertion 3.7. This implies that L = L ∪ P(L) with P(L) ⊂ P consisting of one or two planes, and L is proper in the component C(L) of R 3 − P(L) that contains L. Assertion 3.8 also holds in our new setting, with the only change in its proof occurring when demonstrating the countability of the set of points of Σ where the least-area surface Σ is possibly incomplete, which is easier now as this set is clearly contained in the countable set S ∩ [L ∪ L ∪ P(L)]). Assertion 3.9 also holds true now, with the only change in its proof that incompleteness of the surface L 1 (ε) = L 1 ∩ {0 < x 3 ≤ ε} (we assume the same normalization as at the beginning of the proof of Assertion 3.9) may fail at the set S ∩ {0 ≤ x 3 ≤ ε}, which is countable. Hence, the proof of the main statement of item 5.2 and item 5.2(a) of Theorem 4.1 are proved. Assertion 3.11 and its proof are valid in our current setting without changes, as all their arguments rely on the limit singular lamination L of R 3 and not in the sequence of minimal surfaces {M n } n that appear in the statement of Theorem 1.4. Therefore, items 5.2(b) and 5.2(c) of Theorem 4.1 are also proved.
Finally, item 6 of Theorem 4.1 follows directly from item 5 of the same theorem. 2 5 A convergence result for embedded minimal surfaces of uniformly bounded genus.
Theorem 5.1 Suppose {M n } n is a sequence of compact, embedded minimal surfaces of finite genus at most g ∈ N ∪ {0}, with ∂M n ⊂ S 2 (n) for each n. Suppose that some subsequence of disks {D n ⊂ M n } n converges C 2 to a nonflat minimal disk. Then, a subsequence of the M n converges smoothly on compact subsets of R 3 with multiplicity one to a connected, properly embedded, nonflat minimal surface M ∞ ⊂ R 3 of genus at most g, that is either a surface of finite total curvature, a helicoid with handles or a two-limit-ended minimal surface. Furthermore, M ∞ has bounded Gaussian curvature.
Proof. Suppose for the moment that there exists R > 0 such that sup
Mn∩B(R)
|K Mn | → ∞ as n → ∞.
By Theorem 0.6 in [9] (see also Footnote 3 in the statement of that theorem), then after a rotation in R 3 , there exists a subsequence of these compact minimal surfaces, also denoted by {M n } n , a lamination L 1 = {x 3 = t} t∈I by parallel planes (where I ⊂ R is a closed set), and a nonempty closed set S(L 1 ) in the union of the leaves of L 1 such that:
(N1) For each α ∈ (0, 1), {M n − S(L 1 )} n converges in the C α -topology to the lamination L 1 − S(L 1 ).
(N2) sup
Mn∩B(x,r)
|K Mn | → ∞ as n → ∞ for all x ∈ S(L 1 ) and r > 0.
Our hypothesis that a sequence of disks D n ⊂ M n converges C 2 to a nonflat minimal disk contradicts that L 1 consists of planar leaves. This contradiction shows that the M n have uniformly bounded Gaussian curvatures on compact subsets of R 3 . Therefore, a standard diagonal argument implies that after passing to a subsequence, the M n converge to a (regular) minimal lamination L of R 3 .
By the structure theorem for (regular) minimal laminations of R 3 (see Theorem 1.6 in [32] ), the collection P of planes in L forms a possibly empty, closed set of R 3 , each of the components X of R 3 − P contains at most one leaf L X of L, and such a leaf L X is not flat and proper in X. Since every such a L X is nonflat, its universal cover cannot be stable and the proof of Lemma A.1 in [33] implies that the multiplicity of the convergence of portions of the M n to L X is one. In this setting, standard lifting arguments give that one can lift any handle on L X to a nearby handle on an approximating surface M n for n large, such that any fixed finite collection of pairwise disjoint handles in L X lifts to a collection of disjoint handles on the nearby surface M n . Since the genus of each M n is at most g, then L X has genus at most g. By Corollary 1 in [24] , L X is the only leaf in L and L X is properly embedded in R 3 . This proves the first item in Theorem 5.1 with M ∞ being L X .
By Theorem 1 in [25] , the surface M ∞ is either a surface of finite total curvature, a helicoid with handles or a minimal surface with two limit ends. The same theorem states that M ∞ has bounded curvature, which completes the proof of Theorem 5.1.
